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one is given in terms of the new modulus which is a generalization of Gao’s modulus of U-convexity
and the second one is given by the presence of full 2-rotundity of the dual space and the WORTH
property.
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Let X be a Banach space with the dual space X*. Let
SX = {x 2 X: ixi = 1} and BX = {x 2 X: ixi 6 1} be the unit
sphere and the closed unit ball of X, respectively.
Deﬁnition 1.1 [1]. A nonempty bounded and convex subset K
of a Banach space X is said to have normal structure if for every
convex subset H of K that contains more than one point there
is a point x0 2 H such that
supfkx0  yk : y 2 Hg < diam H;259 7341.
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2.003where diamH= sup{ix  yi: x,y 2 H} denotes the diameter of
H. A Banach space X is said to have normal structure if every
bounded convex subset of X has normal structure. A Banach
space X is said to have weak normal structure if for each weakly
compact convex set K of X that contains more than one point
has normal structure. We also say that X have uniform normal
structure if there exists 0 < c< 1 such that for any subset K as
above, there exists x0 2 K such thatsupfkx0  yk : y 2 Kg < c  diam K:
Remark 1.2. For a reﬂexive Banach space, normal structure
and weak normal structure coincide. Moreover, if a space have
uniform normal structure, then it is reﬂexive.
Deﬁnition 1.3. A Banach space X is said to have the ﬁxed point
property if whenever C is a bounded closed convex subset of X
it follows that every nonexpansive mapping T: Cﬁ C, that is,
iTx  Tyi 6 ix  yi for all x,y 2 C, always has a ﬁxed point.
If the ‘‘closed convex’’ condition of the set C above is replacedg by Elsevier B.V. Open access under CC BY-NC-ND license.
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Remark 1.4. For a reﬂexive Banach space, ﬁxed point prop-
erty and weak ﬁxed point property coincide. Recently, Lin
[2] successfully constructed a nonreﬂexive space that has the
ﬁxed point property.
In [3], Kirk proved that every Banach space with weak nor-
mal structure has the weak ﬁxed point property. Since then
many geometric properties guaranteeing (weak) normal struc-
ture and the (weak) ﬁxed point property have been widely
investigated. Let us recall the concept of uniform convexity
which probably known as the most natural generalization of
convexity properties of Hilbert spaces. A Banach space X is
uniformly convex if
dXðeÞ :¼ inf 1 1
2
kxþ yk : x; y 2 SX; kx ykP e
 
> 0
for all e 2 (0,2). It is also known that every uniformly convex
space has uniform normal structure.
In [4], Lau introduced the concept of U-spaces and proved
that the class of uniformly convex spaces is strictly included in
that of U-spaces. Later on, Gao [5] introduced the so-called
modulus of U-convexity. Recall that a Banach space X is a
U-space if
uXðeÞ :¼ inf 1 1
2
kxþ yk : x; y 2 SX; hx y; fiP e for some f 2 rx
 
> 0
for all e 2 (0,2). Here $x denotes the set of norm one
supporting functionals of x 2 SX, that is, rx ¼ ff 2 SX :
hx; fi ¼ kfk ¼ 1g. It follows from the deﬁnitions above that
dX 6 uX. In [6], Gao and Lau proved that every U-space has
uniform normal structure.
For a function f(e), we write fðaÞ ¼ lime!a fðeÞ. Gao [5]
proved that a Banach space X has uniform normal structure
if uX
1
2
 
> 0 while Mazcunan-Navarro [7] showed that
uX(1
) > 0 implies that X enjoys the ﬁxed point property. In
[8], Saejung proved by using the ultrapower method that a Ba-
nach space X and its dual X* has uniform normal structure
whenever uX(1) > 0. He also gave an example showing that
such a condition is sharp.
It is worth noticing that both moduli above are determined
by only two elements in the space. Hence it is natural to con-
sider another modulus which is allowed more elements in-
volved. One of many interesting moduli in this direction was
introduced by Jime´nez-Melado [9] and it was generalized to
the following one by Mazcun˜a´n-Navarro [10].
Deﬁnition 1.5. Let X be a Banach space andsnðXÞ :¼ supfe 2 ½0; 2 : 9x1; x2; . . . xnþ1
2 BX; such that min
i–j
kxi  xjkP eg:
We deﬁne dðnÞX : ½0; snðXÞÞ ! ½0; 1 by
dðnÞX ðeÞ :¼ inf 1
1
nþ1kx1þx2þ þxnþ1k : x1;x2; . . . ;xnþ1

2BX;min
i–j
kxixjkP e

:It is easy to see that s1(X) = 2 and d
ð1Þ
X ¼ dX. Moreover, it
was proved in [10] that
Theorem 1.6. If X is a Banach space with dðnÞX ð1Þ > 0 for some
nP 1, then it has uniform normal structure.
Jime´nez-Melado [9] also proved the following result when
n= 2.
Theorem 1.7. Let X be a Banach space with the WORTH
property [11], that is,
lim
n!1
jkxn  xk  kxn þ xkj ¼ 0
for all x 2 X and for all weakly null sequences {xn} in X. If
dð2ÞX ð2Þ > 0, then X has the weak ﬁxed point property.
Recently, it was proved by Fetter and Gamboa de Buen [12]
that every reﬂexive Banach space with WORTH property has
the ﬁxed point property.
The purpose of this paper is two-fold: (1) to improve a suf-
ﬁcient condition for uniform normal structure in terms of the
new modulus which is a generalization of the modulus of U-
convexity uX introduced by Gao and (2) to prove that the dual
space of a fully 2-rotund Banach space with WORTH property
has normal structure.
2. A new modulus inspired by Gao’s modulus of U-convexity
We ﬁrst deﬁne the following modulus.
Deﬁnition 2.1. Let X be a Banach space and n 2 N. We say
that two sets of vectors {x1, . . . ,xn+1}  SX and ff2; . . . ;
fnþ1g  SX satisﬁes property (Gn, e) where e 2 [0,2] if
min
i>j
hxi  xj; fiiP e and fj 2 rxj for j ¼ 2; . . . ; nþ 1:
In this case, we write ({x1, . . . ,xn+1},{f2, . . . , fn+1}) 2 (Gn, e).
Deﬁne
tnðXÞ ¼ supfe 2 ½0; 2 : 9x1; . . . ; xnþ1 2 SX; 9f2; . . . ; fnþ1 2 SX
such that ðfx1; . . . ; xnþ1g; ff2; . . . ; fnþ1gÞ 2 ðGn; eÞg:
We deﬁne u
ðnÞ
X : ½0; tnðXÞÞ ! ½0; 1 by
u
ðnÞ
X ðeÞ ¼ inf 1
1
nþ 1 kx1 þ x2 þ . . .þ xnþ1k : ðfx1; . . . ; xnþ1g;

 ff2; . . . ; fnþ1gÞ 2 ðGn; eÞ

:
Remark 2.2. It is easy to see that u
ð1Þ
X ¼ uX and
 tn(X) 6 sn(X) for all n 2 N;
 uðnÞX ðeÞP dðnÞX ðeÞ for all e 2 [0, tn(X)).
Lemma 2.3. Let H be a Hilbert space and x,y 2 SH. Then
kx ykP e () hx y; xiP e
2
2
:
Proof. Note that Æx  y,x+ yæ= ixi2  iyi2 = 0 and so
Æx  y,xæ= Æx  y,yæ. Consequently,
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¼ 2hx y; xi: 
Proposition 2.4. [10] Let H be a Hilbert space and nP 1. Then
dðnÞH ðeÞ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ne
2
2ðnþ 1Þ
s
for any e 2 [0, sn(H)).
From Lemma 2.3, we have
Proposition 2.5. Let H be a Hilbert space and nP 1. Then
u
ðnÞ
H ðeÞ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ne
nþ 1
r
for any e 2 [0, tn(H)).
Similar to Proposition 3.1.3 of [10], we have
Proposition 2.6. Let X be a Banach space and nP 1. Then
(a) uðnÞX ðeÞ 6 uðnþ1ÞX ðeÞ for all e 2 [0, tn+1(X)),
(b) uðnÞX
e
n
 
6 uX ðeÞ for all e 2 [0,2].
Lemma 2.7 (Bishop-Phelps-Bolloba´s [13]). Let X be a Banach
space, and let 0< e< 1. Given z 2 BX and h 2 SX with
1 hz; hi 6 e2
4
, then there exist y 2 SX and g 2 $y such that
iy  zi 6 e and ig  hi 6 e.
The following result was proved by James.
Theorem 2.8 14. Let X be a Banach space. Then X is not
reﬂexive if and only if for any 0< e< 1 there are two sequences
{xn}  SX and ffng  SX such that
(a) Æxm, fnæ= e whenever n 6 m; and
(b) Æxm, fnæ= 0 whenever n> m.
Theorem 2.9. If X is a Banach space with u
ðnÞ
X ð1Þ > 0 for some
nP 1, then X is reﬂexive.
Proof. Let 0 < e< 1 be given. If X is not reﬂexive, then there
are sequences {xn}  SX and ffng  SX satisfying the follow-
ing two conditions:
(a) hxm; fni ¼ 1 e24 whenever n 6 m; and
(b) Æxm, fnæ= 0 whenever n> m.
According to Lemma 2.7, we can ﬁnd two sequences
{yn}  SX and fgng  SX satisfying the following three con-
ditions for all n 2 N:
(c) gn 2 ryn ;
(d) ign  fni 6 e;
(e) iyn  xni 6 e.Consequently, if n> m, then
hyn  ym; gni ¼ hyn; gni  hym; gni þ hxm; fni
¼ 1 hym  xm; gni  hxm; gn  fni
P 1 kym  xmk  kgn  fnkP 1 2e:
This means ({y1, . . . ,yn+1}, {g2, . . . ,gn+1}) 2 (Gn, 1  2e) and
hence
ky1 þ    þ ynþ1k 6 ðnþ 1Þ 1 uðnÞX ð1 2eÞ
 
:
On the other hand, we have
ky1 þ    þ ynþ1kP kx1 þ    þ xnþ1k 
Xnþ1
i¼1
kxi  yik
P kx1 þ    þ xnþ1k  ðnþ 1Þe
P hx1 þ    þ xnþ1; f1i  ðnþ 1Þe
¼ ðnþ 1Þ 1 e
2
4
 e
	 

:
This implies that
u
ðnÞ
X ð1 2eÞ <
e2
4
þ e:
Letting eﬂ0 gives uðnÞX ð1Þ ¼ 0 for all nP 1. This proves the
theorem. h
Deﬁnition 2.10 ([15,16]). Let X and Y be Banach spaces. We
say that Y is ﬁnitely representable in X if for any e> 0 and any
ﬁnite dimensional subspace N of Y there are a subspaceM of X
with the same dimension as N and an isomorphism T: NﬁM
such that for any y 2 N
ð1 eÞkyk 6 kTyk 6 ð1þ eÞkyk:
Suppose that P is a property of Banach spaces. We
say that a Banach space X has super-P propertyif whenever
Y is ﬁnitely representable in X it follows that Y has P
property. For example, we say that X is super-reﬂexive
if any space Y which is ﬁnitely representable in X is
reﬂexive.
Theorem 2.11. If a Banach space Y is ﬁnitely representable in a
Banach space X, then
u
ðnÞ
X ðeÞ 6 uðnÞY ðeÞ
for all e> 0.
To prove this result, we need the following modiﬁed version
of Lemma 2.7 whose proof is omitted.
Lemma 2.12. Let Xbe a Banach space, and let 0< e< 1. Then
there exists a number d> 0 such that for given z 2 X and h 2 X*
with Æz,hæ= 1 and izi, ihi 2 (1  d, 1 + d), there exist z^ 2 SX
and h^ 2 rz^ such that kz^ zk 6 e and kh^ hk 6 e.
Proof of Theorem 2.11. We prove that u
ðnÞ
X ðeÞ 6 uðnÞY ðeÞ þ g for
all g> 0. Let g> 0 be given. We choose elements y1, y2, . . .,
yn+1 2 SY and g2; . . . ; gnþ1 2 SY such that
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 1 1nþ1 ky1 þ    þ ynþ1k < uðnÞY ðeÞ þ g.
We are going to ﬁnd our candidates x1, x2, . . ., xn+1 2 SX
and f2; . . . ; fnþ1 2 SX , and to consider the estimate of
1 1
nþ1 kx1 þ    þ xnþ1k. It follows from the preceding lemma
that there is a number 0 < d< g such that for given z 2 X and
h 2 X* with Æz,hæ= 1 and izi, ihi 2 (1  d, 1 + d), there exist
z^ 2 SX and h^ 2 rz^ such that kz^ zk 6 g and kh^ hk 6 g.
Corresponding to a positive number d and a ﬁnite dimensional
subspace N :¼ span{y1, . . . ,yn+1} of Y, we can ﬁnd a ﬁnite
dimensional subspace M of X and an isomorphism T: NﬁM
such that
ð1 dÞkyk 6 kTyk 6 ð1þ dÞkyk
for all y 2 N. Put xi :¼ Tyi for all i= 1, . . ., n+ 1. Let S:
N* ﬁM* be the adjoint operator of T1. For convenience,
we treat each gi as a functional whose domain is N. Hence each
S 	 gi becomes a functional whose domain isM and we can ex-
tend its domain to the whole space X (without altering its
norm) by Hahn-Banach Extension Theorem and we denote
such an extension by fi. We note that
 Æxi,fiæ= 1 for all i= 2, . . ., n+ 1;
 1  d 6 ixii 6 1 + d for all i= 1, . . ., n+ 1;
 1  d 6 ifii 6 1 + d for all i= 2, . . ., n+ 1.
Consequently, we can ﬁnd x^1; . . . ; x^nþ1 2 SX and
f^2; . . . ; f^nþ1 2 SX such that
 hx^i; f^ ii ¼ 1 for all i= 2, . . ., n+ 1;
 kx^i  xik < g for all i= 1, . . ., n+ 1;
 kf^ i  fik < g for all i= 2, . . ., n+ 1.
Note that jhx^j; f^ii  hxj; fiij ¼ jhx^j  xj; f^ii  hxj; fi  f^iij 6
kx^j  xjkkf^ik þ kxjkkfi  f^ik < gþ ð1þ dÞg 6 3g. This implies
that mini>jhx^i  x^j; f^iiP mini>jhxi  xj; fii  3g ¼ mini>j
hyi  yj; gii  3gP e 3g. Moreover, since k
Pnþ1
i¼1 x^ikP
kPnþ1i¼1 xik  ðnþ 1ÞgP ð1 dÞkPnþ1i¼1 yik ðnþ 1ÞgP ð1 gÞ
kPnþ1i¼1 yik  ðnþ 1Þg, we have
u
ðnÞ
X ðe 3gÞ 6 1
1
nþ 1
Xnþ1
i¼1
x^i


6 ð1 gÞ 1 1
nþ 1
Xnþ1
i¼1
yi


 !
þ 2g
6 ð1 gÞðuðnÞY ðeÞ þ gÞ þ 2g:
Letting gﬂ0 gives the result. h
Theorem 2.13. If X is a Banach space with u
ðnÞ
X ð1Þ > 0 for some
nP 1, then X is super-reﬂexive.
Proof. It follows directly from Theorems 2.11 and 2.9. h
Theorem 2.14. If X is a Banach space with u
ðnÞ
X ð1Þ > 0 for some
nP 1, then X has uniform normal structure.
The proof of this result is based on the following lemma ob-
tained by Saejung.Lemma 2.15 [17]. If X is a Banach space with BX is weak
*
sequentially compact and it fails to have weak normal structure,
then for any e> 0 there are {x1,x2, . . . ,xn}  SX and
ff1; f2; . . . ; fng  SX such that
(a) Œixi  xji  1Œ< e, for all i „ j;
(b) Æxi,fiæ= 1, for all 1 6 i 6 n; and
(c) ŒÆxj,fiæŒ< e, for all i „ j.
Proof of Theorem 2.14. We assume that u
ðnÞ
X ð1Þ > 0 for some
natural number n. It follows from the reﬂexivity of X and
Banach-Alaoglu’s Theorem that BX is weak
* sequentially
compact. Clearly, normal structure and weak normal structure
coincide. Suppose that X fails to have (weak) normal structure.
Let e> 0 be given. There are {x1,x2, . . . ,xn+2}  SX and
ff1; f2; . . . ; fnþ2g  SX such that
(a) Œixi  xji  1Œ< e, for all i „ j;
(b) Æxi, fiæ= 1, for all 1 6 i 6 n+ 2; and
(c) ŒÆxj, fiæŒ< e, for all i „ j.
Put yi :¼ xixnþ21þe for i= 1, . . ., n+ 1. Then
1P kyikP hyi; fiiP 1e1þe ¼ 1 2e1þe and by Lemma 2.7 we can
ﬁnd ðy^i; f^iÞ 2 SX  SX such that f^i 2 ry^i ; ky^i  yik <
ﬃﬃﬃﬃﬃﬃ
8e
1þe
q
<ﬃﬃﬃﬃ
8e
p
, and kf^i  fik <
ﬃﬃﬃﬃﬃﬃ
8e
1þe
q
<
ﬃﬃﬃﬃ
8e
p
. Consequently, we have the
following two estimates:
min
i>j
hy^i  y^j; f^iiP 1 2
ﬃﬃﬃﬃ
8e
p
and
u
ðnÞ
X 1 2
ﬃﬃﬃﬃ
8e
p 
6 1 1
nþ 1
Xnþ1
i¼1
y^i


6 1 1
nþ 1
Xnþ1
i¼1
yi

þ
ﬃﬃﬃﬃ
8e
p
6 1 1ðnþ 1Þð1þ eÞ
Xnþ1
i¼1
ðxi  xnþ2Þ

þ
ﬃﬃﬃﬃ
8e
p
6 1 1ðnþ 1Þð1þ eÞ
Xnþ1
i¼1
hxnþ2  xi; fnþ2i þ
ﬃﬃﬃﬃ
8e
p
6 1 1 e
1þ eþ
ﬃﬃﬃﬃ
8e
p
:
Letting eﬂ0 in the last estimate gives uðnÞX ð1Þ ¼ 0, a
contradiction.
Finally, to conclude the uniform normal structure, we just
invoke Khamsi’s result [18] which states that super-normal
structure implies the uniform normal structure. h
Remark 2.16. There exists a Banach space X such that
uX(1) = 0 but u
ð2Þ
X ð1Þ > 0. Hence the result above extends
the one in [8]. In fact, let X ¼ ðR2; k  kÞ where
kðx; yÞk ¼ maxfjxj; jyjg; if xyP 0;jxj þ jyj; if xy 6 0:

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Finally we prove that in the presence of the WORTH property
every space whose dual is fully 2-rotund has normal structure.
Recall that a Banach space X is fully 2-rotund [19,20] if {xn}
converges whenever {ixn + xmi} converges.
Lemma 3.1. Let {xn} be a sequence in a Banach space X and
{fn} be a sequence in SX such that the following conditions hold:
 fn(xn) = ixni for all n;
 xn!w 0 and fn!w

f 2 BX  .
Then there exist subsequences {yn} of {xn} and {gn} of {fn}
such that
lim
n–m
hym; gni ¼ 0:
Proof. First, we choose an integer n1 such that
jhxn1 ; fij <
1
2
:
Next, we choose an integer n2 > n1 such that
jhxn2 ; fij <
1
22
; jhxn2 ; fn1ij <
1
22
; and jhxn1 ; fn2  fij <
1
22
:
Again, we choose an integer n3 > n2 such that
jhxn3 ; fij <
1
23
; jhxn3 ;fniij <
1
23
; and jhxni ; fn3  fij
<
1
22
for i ¼ 1; 2:
By induction, we can ﬁnd a strictly increasing sequence of inte-
gers {nk} such that the following conditions hold for all k:
 jhxnk ; f ij < 12k; jhxnkþ1 ; fniij < 12kþ1 for all i= 1, . . ., k; jhxni ; fnkþ1  f ij < 12kþ1 for all i= 1, . . ., k.
Consequently, for all i= 1, . . ., k, we have
jhxni ; fnkþ1ij 6 jhxni ; fnkþ1  fij þ jhxni ; fij <
1
2kþ1
þ 1
2i
:
The proof is ﬁnished by letting yk ¼ xnk and gk ¼ fnk . h
Lemma 3.2. Suppose that {xn} is a weakly null sequence in a
Banach space X satisfying WORTH property and
limnﬁ1ixn  xi = diam{xn}= 1 for all x 2 cofxng. Then there
exists a subsequence {yn} of {xn} such that
lim
n–m
kyn  ymk ¼ lim
n–m
kyn þ ymk ¼ 1:
Proof. Put n1 = 1. Then limn!1kxn  xn1k ¼ 1. We choose an
integer N2 such that
jkxn  xn1k  1j <
1
2
and jkxn þ xn1k  kxn  xn1kj <
1
2
for all nP N2.
Put n2 = N2. Then
jkxn2  xn1k  1j <
1
2
and jkxn2 þ xn1k  kxn2  xn1kj <
1
2
:Again, we have limn!1kxn  xn2k ¼ 1. We choose an integer
N3 > N2 such that
jkxn  xn2k  1j <
1
22
and jkxn þ xn2k  kxn  xn2kj <
1
22
for all nP N3.
Put n3 = N3. Then
jkxn3  xnik  1j <
1
2i
and jkxn3 þ xnik  kxn3  xnikj <
1
2i
for all i= 1, 2.
Proceeding this procedure gives a subsequence fxnkg of {xn}
such that for each k the following conditions are satisﬁed by all
i= 1, . . ., k:
jkxnkþ1  xnik  1j <
1
2i
and jkxnkþ1 þ xnik  kxnkþ1  xnikj <
1
2i
:
The proof is ﬁnished by letting yk ¼ xnk . h
Theorem 3.3. Suppose that a Banach space X has the WORTH
property.
 If X* is fully 2-rotund, then X has normal structure.
 If X is fully 2-rotund, then X* has normal structure.
Proof. Since X* is fully 2-rotund, X is reﬂexive. If X fails to
have normal structure, then it contains a weakly null sequence
{xn} such that limnﬁ1ixn  xi = diam{xn} = 1 for all
x 2 cofxng. Notice that 0 2 cofxng so limnﬁ1ixni = 1. We
next choose a sequence {fn} in SX such that Æxn,fnæ= ixni
for all n. By the reﬂexivity, we may extract a subsequence of
{xn}, still denoted by {xn}, such that limnﬁ1ixn  xi =
diam{xn} = 1 for all x 2 cofxng and fn!w f 2 BX . Invoking
conclusions from Lemmas 3.2 and 3.1, there are subsequences
{yn} of {xn} and {gn} of {fn} such that
 limn„miyn  ymi = limn„miyn + ymi = 1;
 limnﬁ1iyni = limnﬁ1Æyn,gnæ= 1;
 limn„mÆym,gnæ= 0.
Finally, we show that the sequence {gn} violates the full 2-
rotundity of X*. In fact, it follows that
2P lim
n–m
kgn þ gmkP lim
n–m
hyn þ ym; gn þ gmi
¼ 2þ lim
n–m
hym; gni þ lim
n–m
hyn; gmi ¼ 2:
But
lim
n–m
kgn  gmk ¼ lim
n–m
hyn  ym; gn  gmi ¼ 2:
The last assertion follows from the ﬁrst part because in the
presence of reﬂexivity WORTH property is a self-dual prop-
erty (see Theorem 3 of [21]).
Remark 3.4. Since there exists a Banach space X such that X is
not uniformly nonsquare and X* is fully 2-rotund, our result is
different from Dalby’s [22]. Indeed, we consider X is the ‘2-
direct sum of the sequence of spaces ðR2; k  knÞ where
kðx; yÞkn ¼ ðjxjnþ1 þ jyjnþ1Þ1=ðnþ1Þ:
96 S. Saejung, J. GaoIt is clear that X is not uniformly nonsquare. However, it is
fully 2-rotund (see Theorem 2 of [19]) and has WORTH prop-
erty (using a slight modiﬁcation of the proof of Theorem 7 of
[23]).
Remark 3.5. Let us reemphasize the question posed by Sims:
Does every fully 2-rotund Banach space enjoy the ﬁxed point
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